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Abstract 

We apply the degree formula for connective K-iheory to study rational 
contractions of algebraic varieties. Examples include rationally connected 
varieties and complete intersections. El 

1 Introduction 

The celebrated Rost degree formula says that given a rational map f : Y --^ X 
between two smooth projective varieties there is the congruence relation (see 

m) 

rip{Y) = deg f ■ r]p{X) mod nx, (1) 

where p is a prime, r]p{X) is the Rost nmnber of X, deg / is the degree of / and 
nx is the greatest common divisor of degrees of all closed points on X (see [10] , 

m and m)- 

It was conjectured by Rost that the degree formula ^ should follow from a 
generalized degree formula for some universal cohomology theory. This conjec- 
ture was proven by Levine and Morel in [3] , where they constructed the theory 
of algebraic cobordism fl and provided the respective degree formula (see [HI 
Theorem 1.2.14]). 

Unfortunately, the generalized degree formula has one disadvantage: it deals 
with elements in the cobordism ring which is too big and usually is hard to 
compute. On the other hand the classical degree formula (P) is easy to apply 
but it catches only "pro-p" effects. The reasonable question would be to find 
a cohomology theory together with a degree formula which doesn't loose much 
information and is still computable. 

The natural candidate for such a theory is the connective K -theory denoted 
by /C. It has two important properties: First, JC is the universal oriented co- 
homology theory for the Chow group CH and Grothendieck's K^, meaning the 
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following diagram of natural transformations 

n 

pric 

CH-^ /C ^K°[/3,p-^], 

where /3 denotes the Bott element. Second, it is the universal birational theory 
in the sense that it preserves the fundamental classes for birational maps, i.e. 
for any proper birational /: Y ^ X we have /*(ly) = Ix- 

The respective degree formula for K. was predicted by Rost and Merkurjev 
(see [131 Example 11-4]). In the present notes we deduce this formula from the 
generalized degree formula of Levine and Morel. Namely, we prove the following 

1.1 Lemma. Let f: Y --^ X be a rational map between two smooth projective 
irreducible varieties of the same dimension over a field k of characteristic 0. 
Then there exists a finite family of smooth projective varieties {Zi}i over k such 
that each Zi admits a projective birational map to a proper closed subvariety of 
X and 

x{Oy) = deg/ • xiOx) + • ^(^^.)' (2) 

i 

where 6 Z and x(Cx) is the Euler characteristic of the structure sheaf of X . 

Recall that an algebraic variety X is called incompressible if any rational map 
X X is dominant, i.e. has a dense image. The notion of incompressibility 
appears to be very important in the study of the splitting properties of G- 
torsors, where G is a linear algebraic group, in computations of the essential 
and the canonical dimension of G (see [Tj, [3] and [7]). For instance, using the 
Rost degree formula ([T]) Merkurjev provided a uniform and shortend proof of 
the incompressibility of certain Severi-Brauer varieties, involution varieties and 
quadrics (see [13l §5 and §7]). Therefore, it is natural to expect that the formula 
([2]) can provide more examples of incompressible varieties. As a demonstration 
of this philosophy we reduce the formula ^ to the following 

1.2 Theorem. Let X and Y be smooth projective irreducible varieties over a 
field of characteristic 0. Let nx denote the greatest common divisor of degrees 
of all closed points on X and let r„i denote the m-th denominator of the Todd 
genus. Assume there is a rational map f : Y X . Then we have the following 
congruence relation 

x{Oy) ■ TdimY-i = degf ■ x{Ox) ■ TdimY-i modnx- (3) 
and as an immediate consequence we obtain 

1.3 Corollary. Let X and Y be as above. If the image of the rational map 
f : Y X is of dimension strictly less than the dimension of Y , then nx 
divides x(C'y) • TdimF-i- In particular, 



2 



i) nx always divides x(C'x) • Tdimx; 

ii) if nx doesn't divide xi^x) • '''dimX-i, then X is incompressible. 

The notion of a rationally connected variety X has been introduced and 
extensively studied by Campana, KoUar, Miyaoka and Mori (see (SI IV. 3. 2] for 
the precise definition) . It can be easily seen (see Example 13. 6p that for any 
rationally connected variety X we have x(Cx) = 1- Then by Corollary 11.31 
nx I TdimX, and if nx \ TdimX-i then X is incompressible. 

The paper is organized as follow. First, we provide some preliminaries on 
algebraic cobordism and connective K-theovy. Then we prove Lemma 11.11 and 
Theorem 11.21 and discuss its applications (Corollary II. 3p to the question of in- 
compressibility of algebraic varieties. In the last section we relate the degree 
formula ([3]) with the classical Rost degree formula ([T]). 

Notation and conventions By k we denote a field of characteristic 0. A 
variety will be a reduced and separated scheme of finite type over k. By pt we 
denote Spec k. Given a cycle a € Cll{X) by dega we denote the push-forward 
p*{a) S Z, where p: X ^ pt is the structure map. 

2 Algebraic cobordism and connective K-theory 

2.1. In [S] M. Levine and F. Morel introduced the theory of algebraic cobordism 
Q that is a contravariant functor from the category of smooth quasi-projective 
varieties over a field k of characteristic to the category of graded commutative 
rings. An element of codimension i in n(X) is the class [f : Y ^ X] oi a, 
projective map of pure codimension i between smooth quasi-projective varieties 
X and Y. Given / we denote by /* : ^li{Y) fli{X) the induced push- forward 
and by /* : n'{X) n'{Y) the induced pull-back. 

2.2. Let h be an oriented cohomology theory as defined in [9J. Roughly speaking, 
h is a cohomological functor endowed with characteristic classes c''. The main 
result of [S] says that f2 is a universal oriented cohomology theory, i.e. any 
such h admits a natural transformation of functors prh : Q h preserving the 
characteristic classes. 

To any oriented cohomology theory h one assigns a one-dimensional com- 
mutative formal group law Fh over the coefficient ring h(pt) via 



where Li and L2 are lines bundles on X and is the first Chern class. For fl 
the respective formal group law turns to be a universal formal group law 



The ring of coefficients il{pt) is generated by the coefficients a.y of F and coin- 
cides with the hazard ring L. 



c'/(Li®L2) = F,,(cJ(Li),c^(L2)), 
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2.3. We recall several auxilliary facts about Chow groups CH and graded Kq: 
Consider the augmentation map : L ^ Z defined by 0. Define a 

cohomology theory ^la by fla{X) = ^1{X) (^^^ Z. According to 

• ila{X) coincides with the Chow group CH(X) of algebraic cycles on X 
modulo rational equivalence; 

• the natural transformation pr^ : fl(X) —>■ D,a{X) is surjective and its kernel 
is generated by elements of positive dimensions L>o of the Lazard ring; 

• is a universal theory for the additive formal group law Fa{x, y) ^ x + y. 

Consider the map : L ^ Z[/3, /3~^] defined by an —f3 and t-^ for 
7^ (1,1). Define a cohomology theory f)„ by a„(X) = Z[/3, /J-i]. 

According to [9] 

• n„,iX) coincides with K°{X)[(3, f]-^], where K°{X) is Grothendieck's K° 
of X; 

• flrri is a universal theory for the multiplicative periodic formal group law 

Fni{x,y) ^ X + y - /3xy. 

2.4. The cohomology theory K. which will be the central object of our discussion 
is a universal theory for both additive and multiplicative periodic formal group 
laws. It is called the connective K -theory and is defined as IC{X) ~ il(X)(g)£Z[u], 
where e: L — > Z[u] is given by an ^ —v and a.^ for ^ (1, 1). It has 
the following properties (see [9l §4.3.3]): 

• The natural transformations /C — > fia and /C — > are given by the 
evaluations w i-^ and v ^ respectively. Roughly speaking, K can be 
viewed as a homotopy deformation between 17^ and 

• The natural transformations il — > /C and — > = CH are surjective. 

• The respective formal group law F is the multiplicative non-periodic for- 
mal group law Ffc{x, y) = x + y — vxy, where v is non-invertible. 

2.5. We will extensively use the following fact (see [HI Cor. 4. 2. 5 and 4.2.7]): 

The theory IC is universal among all oriented theories for which the birational 
invariance holds, i.e. /*(1y) = Ix for any birational projective map /: Y X. 
As a consequence, the kernel of the map e: L ^ Z[v] is the ideal generated by 
elements [W] — [W], where W and W are birationally equivalent. 

3 Degree formula and Todd genus 

In the present section we prove Lemma ll.ll and Theorem ll.2l of the introduction. 
By X and Y we denote smooth projective irreducible varieties of the same 
dimension d over a field k of characteristic 0. 
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3.1. Consider a rational morphism /: Y X. Let T/ be the closure of its 
graph inYxX and ^ T f be its resolution of singularities. By the generalized 

degree formula for the composite f ^ Y x X X (see P[ Thm. 1.2.14]) 
there exists a finite family of smooth projective varieties {Zi}i such that each 
Zi admits a projective birational map fi on the proper closed subvariety of X 
and 

[f X] = degf -[X ^ X]+J2^^- ^ where e L, 

where deg/ = [fc(i^) : fcl-'^)] if / is dominant, and deg/ = otherwise. Observe 
that by definition dimZ^ < d and Ui £ L>o. 

Applying the push-forward : fl{X) L induced by the structure map 
p: X ^ pt we obtain 

[f'f]=degf■[X]+Y,U^■[Z^]■ 

i 

Then projecting on IC{pt) we obtain the foUowing equahty: 

[Y]^=degf-[X]^+J2 {ui)K. ■ [Z.i]ic. (4) 

i 

Observe that [Y]fc — [^'f]ic, since Y and f ^ are birationally isomorphic and we 
have propertv 12.51 

The Euler characteristic. It turns out that the class [X]fc can be expressed 
in terms of the Euler characteristic x{Ox) of the structure sheaf of X. Namely, 

3.2 Lemma. We have [X]k: = xi^x) ■ V^. 

Proof. Consider the map £„,, : L Z[/3, (3^^]. The image of the class [X] is equal 
to [X]m ~ p^,{[Ox]) ■ fi'^, where is the push- forward induced by the structure 
map p: X —> pt and the number ( [Ox] ) coincides with the Euler characteristic 
x{Ox) of the structure sheaf of X (see [131 §10])). Since Sm factors through 
Z[u] and the map Z[u] Z[(3,P~^], v i-^ (3, is injective, we obtain the desired 
formula. □ 

3.3 Corollary. If X is birationally isomorphic to Y, then xiOx) — x{Oy)- 
Proof. By propertv 12.51 of K, we have the equality [X]fc — [Y]ic. □ 
3.4. Observe that by the very definition 

i>0 

and the number dim^ H^(X, Ox) is known to be a birational invariant for any 
smooth projective geometrically irreducible variety X over a field k of charac- 
teristic 0. 
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3.5. Since dimk H^{X,Ox) doesn't depend on a base change, so is x(Cx)- 
Namely, ii Xi = X x k I is a base change by means of a field extension l/k, then 

3.6 Example. Let X be a rationally connected smooth projective variety over 
a field k of characteristic (see [51 IV.3.2]). Observe that any geometrically 
rational or unirational yariety (see [SJ IV. 1]) provides an example of a rationally 
connected variety. 

By IV.3.3 and IV.3.8] we have H°{X, (f]i^)^") = for every m > 0. 
By [i Example 15.2.14] dimfe H"{X, (f^^^ )«^") = dim*; i?"(X, Ox) for every m 
and, therefore, x(C'jc) = 1. 

Combining ^ and Lemma 13.21 we prove the Lemma ll.ll of the introduction: 

3.7 Lemma. Let f: Y --^ X be a rational map between two smooth projective 
irreducible varieties of the same dimension d over a field of characteristic 0. 
Then there exists a finite family of smooth projective varieties {Zi\i such that 
each Zi admits a projective hirational map fi on a proper closed subvariety of 
X and 

xiOY)^degf-xiOx) + Y,n,-x{Oz.), where e Z. (5) 

i 

The Todd genus. It is well-know that the Eulcr characteristic xi^x) is 
related with the Todd genus of X. 

3.8. According to [61 Example 3.2.4] the Todd class of the tangent bundle of a 
smooth projective variety X is the following polynomial in Chern classes 

Td{X) = 1 + f + %^ + ^ + + . . . , (6) 

where Ci G CH*(X) denotes the i-th Chern class of the tangent bundle of X. 
The denominators tq = 1, n = 2, T2 = 12, T3 = 24, T4 = 720 . . . are called Todd 
numbers. We have the following explicit formula for Td (see [13l Example 9.9]): 

p prime 

In particular, r^-i | Td for any d. 

3.9. To compute the Euler characteristic x{Ox) we may use the following equal- 
ity (see [i Corollary 18.3.1]): 

x(Ox) = degTd(X), (8) 

where degTd(X) is the degree of the d-th homogeneous component of the Todd 
class Td{X) and is called the Todd genus of X. 

Observe that the Euler characteristic and the Todd genus are multiplicative, 
i.e. x{Ox>cY)=xiOx)-x{OY)- 
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3.10 Example. Let X be a complete intersection of m smooth hypersurfaces 
of degrees di, . . . ,dm in PJJ. Then 



xiOx) = Res 



2 = 0- 



(l-e-^)"+i 
Indeed, by ^6, Example 15.2.12.(iii)] we have 

m m 

xiOx) = deg (Td(rp.O . - e-'^'^)) = deg . - e^''-^)), 

i=l i=l 

where z = ci(Cp»i(l)). 

We are ready now to prove the main result of this paper fTheorem ll.2p 

3.11 Theorem. Let X and Y be smooth projective irreducible varieties over a 
field k of characteristic 0. Let nx denote the greatest common divisor of degrees 
of all closed points on X and let denote the m-th Todd number. Assume 
there is a rational map f: Y X. Then 

x(Cy) • Tdimy-i = deg/ • x(Cx) • Tdimy-i mod nx- (9) 

Proof. Taking the product with a projective space we may assume that X and 
Y have the same dimension d. By the formula (O we have 



d-i 

x{Oy) = deg/.x(Ox)+^n,x(OzJ = deg /■x(Ox)+^ ( ^^x{Oz. 



j=0 i,dimZi—j 



where each Zi admits a projective morphism Zi — > X. Identifying the Euler 
characteristic with the Todd number using ^ we see that all the characteristic 
numbers in the numerator of the (dimZi)-th homogeneous component of the 
polynomial ^ for Td(Zi) are divisible by nx- Therefore, we have 



j—O i, dim Zi—j ^ j—0 i, dim Zi—j 



Uirrii 



d-l 

nx Td-i / \ nx -m 

ninii , 



Td-1 ^ Tj ^ Td-l 

where m = J^'jZo ( Si dimZi=j niun) G Z according to ((71). This completes 
the proof of the theorem. □ 

3.12 Example. If X and Y are curves, then the degree formula ([9]) turns into 
x(Oy) = deg/-x(Cx) modnx, (10) 
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where nx denotes the g.c.d. of degrees of all closed points on X. Observe that 
xiOx) = 1 ~ Pgj where pg is the geometric genus of a geometrically irreducible 
curve X. 

For surfaces X and Y it can be stated as 

2x{OY)=degf ■2xiOx) mod n^. (11) 

Observe that xi^x) = 1 — 9 where q is the irregularity and Pg is the 

geometric genus of a geometrically irreducible surface X . 

4 Incompressibility 

4.1. The notion of (in-)compressibility of algebraic varieties appears naturally in 
the study of the splitting properties of G-torsors and their canonical dimensions. 
Recall that (see [7, §4] and [3, §1]) a canonical dimension cdimX of a smooth 
projective irreducible variety X over k is defined to be the minimal dimension 
of a closed irreducible subvariety Z oi X such that ^^(x) has a rational point. 
By definition we have cdimX < dimX. If cdimX = dimX, then X is called 
incompressible. 

To say that has a rational point" is the same as to say that there is 

a rational dominant map X Z. Therefore, a variety X is incompressible if 
and only if any rational map X X la dominant. 

As an immediate consequence of Theorem 13.111 we obtain 

4.2 Corollary. Let X and Y be smooth projective irreducible varieties over a 
field k of characteristic 0. Let nx denote the greatest common divisor of degrees 
of all closed points on X and let Tm denote the m-th Todd number. Assume 
there is a rational map f: Y X. 

If the image of f is of dimension strictly less than the dimension of Y , then 
nx divides x(C'y) ■ TdimF-i- In particular, i) nx \ x(C'x) • TdimX, and ii) if 
nx \ xi^x) ■ ''dimX-i, then X is incompressible. 

Proof. To prove i) we apply Theorem 13. Ill to the projection X xP^ ^ X, and 
to prove ii) we applv IXTT] to the identity X ^ X. □ 

4.3 Example. Let X be a rationally connected smooth projective variety over 
a field k of characteristic 0. Then according to Example l3.6l we have xi^x) = 1- 
Therefore, nx \ TdimX and 

nx t ''"dimX-i =^ X is incompressible. (12) 

Observe that if X is a curve or a surface, the implication can be proven 
directly using the geometry (see [H §8] and O §2, §3]). 

4.4 Example, (cf. [m Example 8.2] and ^ §7.3]) Let X be a complete 
intersection of m smooth hypersurfaces of degrees di,. . . ,dm in P^. 
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Assume that dim X — p ~ 1 for some prime p. Let denote the number 
of degrees di which are divisible by p. We claim that 

p\ nip and p f d-f^^-^-"^ X is incompressible. (13) 

Indeed, by the formula from Example 13.101 the Euler characteristic x(Cx) 
is equal to the coefHcient at z" in the expansion of 

m dim X dim X . 

where i?,- denotes the r-th Bernoulli number. Since the denominator of is 
not divisible by p for any r < p — I and is divisible by p for r = p — 1, we obtain 

X{Ox)Tp-2 _ Tp-2 ■ did2 ... I 



nx nx 



( a nir, \ , „ , , , 

p ff Z, where p f a5. 

V n! / 



4.5 Example. Let F be a smooth hypersurface of degree p"^, r > 0, in P^. with 
ny = P^ ■ Assume that there is a rational map Y ---»■ X to a smooth projective 
variety X with dimX < dimY . Then nx \ p^~^ ■ 

By in Prop. 6.2] we have nx \ ny- Therefore, nx \ p^ ■ By CoroUarv 14.21 
nx I x(C'y ) •Tp_2 and by the previous example the right hand side is not divisible 
by ny = p^. 

The next proposition provides a version of the index reduction formula for 
varieties with different Euler characteristics 

4.6 Proposition. Let X and Y be smooth projective geometrically irreducible 
varieties over a field k of characteristic 0. Let p be a prime. Assume that 

• dim X, diml" < p; 

• nx ^ ny p; 

. plxiOx) andp\x{Oy). 
Then nx^^Y^ — Pj where k{Y) is the function field of Y . 

Proof. Taking the product with a projective space we may assume that dim X = 
diniF — p — I. Obviously, nx^^y) I "-f • Assume that nx^^y) — 1- Then X^jy) 
has a closed point P of degree m coprime to p. 

We follow the proof of [1 Thm. 3.3] (see also [2, Thm. 5.1]). Let K denote 
the residue field of P and let Y' be a smooth projective variety over k such that 
K = k{Y'). Such Y' can be always obtained from Y by taking the normalization 
and then resolving the singularities. The condition that has the point P 

means that there is a rational map fp: Y' X. 

Assume that fp is not dominant. Then by Theorem 13.111 applied to the 
maps fp:Y''~-*X and Y' ^ Y we obtain that 

nx \ xi^Y') ■ Tp-2 and xiOy) ■ Tp^2 = ni ■ xiOy) ■ Tp^2 mod ny. 
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Therefore, p \ x(C'y), a contradiction. Hence, fp has to be dominant. 
If fp is dominant, then by ([9]) we have 

x{Oy) ■ Tp-2 = deg(/p) • x(Cx) • Tp_2 mod nx- 

Since p \ x{Ox), the left hand side has to be divisible by p, a contradiction. 
Therefore, nx^^Y) 7^ 1' ^^'^ proposition is proven. □ 

4.7 Corollary, (cf. |11 Thm. 1.1]) Let X/k he as above, i.e. dimX < p, 

nx = p and p \ x(Ox) for some prime p. Then there exists a field extension 
K/k of cohomological dimension one such that nx^ — p. 

Proof. Take y to be a Severi-Brauer variety of a division algebra of degree p 
and apply Proposition 14.61 We obtain that nx^.^Y) — rix = P- Repeating the 
arguments of §2] for the given X and Y we finish the proof. □ 

4.8 Example. If X is a curve of genus one (here xi^x) = 0) the existence of 
such a field K was proven in [5] . 

Let p be an odd prime and let X be a smooth hypersurface of degree p 
in P^""'^ with nx ~ p. Observe that X is an anisotropic Calahi-Yau variety 
with x(C'x) — 0. By CoroUarv 14.71 we obtain that there exists a field K/k 
of cohomological dimension one such that nx^ — P- In particular, X has no 
zero-cycles of degree one over K . 

5 Comparison with the classical degree formulas 

5.1. We follow the notation of p^. Let a = {ai,a2, . ■ . ,ar) be a partition, 
i.e. a sequence of integers (possibly empty) < ai < a2 < ... < a,., and let 
\a\ — ai + a2 + ■ ■ . + ctr denote its degree. For any a we define the smallest 
symmetric polynomial 

Pa{xi,X2,...) ^ ^ X"^ a;"/ .. .X"" = Qq ((71,(72, •■ •) 
(ii,i2,...,v) 

containing the monomial where the cr^ are the elementary sym- 

metric functions. 

5.2. Let X be a smooth projective variety of dimension d. Let q = Ci{—Tx) 
denote the i-th Chern class of the inverse of the tangent bundle. Let o; be a 
partition of d. We define the a-characteristic number of X by 

Cc = deg(3a(ci,C2, . . .). 

Observe that C(i_i^...^i) = deg Crf(—Tx) and cj^j defines the so called additive 
characteristic number of X . 
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5.3. We fix a prime p. Consider a partition 

a=ip-l,...,p-l,p^-l,...,p^-l,...), (14) 

where — 1 is repeated times (in [lOj it was denoted by the sequence R = 
(ri, r2, . . .)). The set of all such partitions a will be denoted by Ap. According 
to [ini §6] for any a G Ap the characteristic number Ca is divisible by p. The 
integer ^C(p_i^...^p_i) is called the Rost number and is denoted by ?]p. 

5.4. By [10, Theorem 6.4] for any prime p and any partition a G Ap of d we 
have the degree formula: 

= deg/ • mod nx, (15) 

p p 

where deg / is the degree of a rational map f : Y X and d = dim Y = dim X. 
In particular, if nx \ ^Ca{X), then X is incompressible. 

In the present section we discuss the relations between the classical degree 
formulas fTS]) and the degree formula The following lemma provides an 
explicit formula for xi^x) in terms of characteristic numbers Ca{X) 

5.5 Lemma. Let X be a smooth projective variety of dimension d over k. Then 



X(0x) = (-1)'^ E 



, fai + l)!(a2 + l)!...(a,. + l)! 

a, I q| — a 

Proof. By the very definition Td(X) = Td(Tx) = Jlf^i Qi^i)^ where Q{x{) = 
and Xi are the roots of the tangent bundle Tx- Since Td(rx) = 

Td(— Tx)^^ = riiLi Q{~Xi)~~^i its component of degree d is equal to the coef- 
ficient at z'^ in the expansion of the product 

n(i-t.+iz2-iz3+...). 

Analyzing the product we see that this coefficient is, indeed, given by 

Pa{xi,X2, ■ ■ .) 



, fai + l)!(a2 + l)!...' 

a,\a\—d 

where Pa is the minimal symmetric polynomial from 15. ll □ 

5.6 Lemma. Let a = (ai, . . . , ar) be a partition of d and let Vp{m) denote the 
p-adic valuation of an integer m. Then 



r 

Vp{Td~i) + 1 > Wp( JJ(ai + 1)' 



1=1 



where the equality holds if and only if a d Ap. 
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Proof. Follows from the formulas Vp{Td-i) = [|zrx] and Wp(m!) = X^^il^l- '-' 

5.7 Definition. Let p be a prime p and let d be an integer. We define a linear 
combination Up of characteristic numbers Cq,, a G Ap, as 

Td-l 



According to Lemma 15.61 we have 

no 

C(GAp,|q| = 



^^Q — , where = , ^ — r: G Z and n f n^. 



5.8 Proposition. Let X he a smooth projective variety of dimension d over a 
field of characteristic 0. Then 

nx \ x{Ox)Td-i ■^=> 3p such that ux \ Up{X). 

Proof. Since nx \ Ca for any a, ~ G Z. We have the following chain of 
equivalences 

nx I x{Ox)Td-i ^ I Ep ^< ^ ^ e Z 

^ Vp p I t.; ^ Vp ^ e z. □ 

5.9 Example. Let AT be a smooth projective curve. In this case we have only 
one non-trivial partition a ^ (1) G A2 and 

xiOx) = -\c(i){x) = -mix) = -U2{X). 

Therefore, for curves the degree formula ^ coincides with the classical one. 

5.10 Example. For a smooth projective surface X we have two partitions 
a = (1, 1) and (2), where the first one belongs to A2 and the second one to A3. 
We have 

x{Ox) = |c(i_i)(X) + \c(^2){X) and U2 = ^C(ij) = 772, = ic(2) = 773. 
The degree formula © turns into a sum of the classical degree formulas 
{m + m){Y) = deg/ • (772 + m){X) mod nx 

and 

nx \Td-ix{Ox) -^=> nx \ri2(.X) or nx\T]:i{X). 

So from the point of view of incompressibility the degree formula ^ provides 
the same answer as the classical degree formulas. 

5.11 Example. Let X be a smooth projective 3-fold. In this case we have 
three partitions (1, 1, 1), (1, 2) and (3), where the first and the last one belong 
to A2. We have 



xiOx) = -|c(i,i^i) - j2^(i.2) - ^C(3) and U2 
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Therefore, 

nx t x(Cx)t2 fix t U2 ^ nx \ 52(1,14) or nx \ ^C(3) 

which means that for 3-folds the classical degree formulas (|15p detect the in- 
compressibility better than (O. 

5.12. Since each characteristic number Cq is divisible by nx, to say that nx 
q ■ Ca, g € Q, is equivalent to say that q ■ Ca G Z, where Ca ■= Ca/nx G 
Hence, the implication (*) can be rewritten as 

In particular, the implication (*) becomes an equivalence if and only if a 3-fold 
X satisfies the following condition 

^1,1,1) = is even or C(3) = is even. (16) 

5.13 Example. Let X be a complete intersection of to hypersurfaces of degrees 
di, . . . , dm in P™+3. Using the formula from 11, §8] we obtain: 

where ai denotes the sum of ah degrees. And 

(^'^'^^ Qdz^y (i + 0)'"+4 A=o~ 

where (T2 is the second elementary symmetric function in d^-s. 

Hence, a complete intersection X satisfies if and only if it satisfies one 
of the following conditions 

• TO = Ak\ • TO = 4A; + 2, CTi is even; 

• TO = 4/s + 1, (Ji or (72 is odd; • m = Ak — 1, ui is odd or (72 is even. 

Acknowledgements I would like to thank Z. Reichstein, Y. Tschinkel and 
A. Vishik for useful comments. I am very grateful to J.-L. Colliot-Thelene for the 
encouraging attention to my work and for numerous suggestions which helped 
to impove the exposition of the paper. This work was supported by SFB 701, 
INTAS 05-1000008-8118 and DFG GI 706/1-1. 

References 

[1] Berhuy, G.; Reichstein, Z. On the notion of canonical dimension for alge- 
braic group. Advances in Math. 198 (2005), no. 1, 128-171. 



TO + 2 

3 



7i -f TO(72 mod 2, 



13 



CoUiot-Thelenc, J.-L. Fields of cohomological dimension one versus Ci- 
fields, in "Algebra and Number Theory", Proceedings of the Silver Ju- 
bilee Conference, Univ. of Hyderabad, Rajat Tandon ed., Hindustan Book 
Agency, 2005. 

Colliot-Thclcne, J.-L.; Karpenko, N.; Mcrkurjcv, A. Rational'nye pover- 
nosti i kanonicheskaya razmernoct' gruppy PGLq, Algebra i Analiz 19 
(2007), no. 5, 159-178; (English transl.) St. Petersburg Math. J. 19 (2008), 
793-804. 

Colliot-Thelene, J.-L.; Madore, D. Surfaces de del Pczzo sans point ra- 
tionnel sur un corps de dimension cohomologique un. J. Inst. Math. Jussieu 
3 (2004), no. 1, 1-16. 

Ducros, A. Dimension cohomologique et points rationnels sur les courbes. 
J. Algebra 203 (1998), no. 2, 349-354. 

Fulton, W. Intersection theory. 2-nd edition. Ergebnisse der Mathematik 
und ihrcr Grcnzgcbictc. 3. Folgc. A Scries of Modern Surveys in Mathe- 
matics, 2. Springer- Verlag, BerHn, 1998. xiv-|-470 pp. 

Karpenko, N.; Merkurjev, A. Canonical p-dimension of algebraic groups. 
Advances in Math. 205 (2006), no. 2, 410-433. 

KoUar, J. Rational curves on algebraic varieties. Ergebnisse der Mathe- 
matik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in 
Mathematics, 32. Springer- Verlag, Berlin, 1996. viii-|-320 pp. 

Levine, M.; Morel, F. Algebraic cobordism. Springer Monographs in Math- 
ematics. Springer, Berlin, 2007. xii-|-244 pp. 

Merkurjev, A. Steenrod operations and degree formulas. J. Reine Angew. 
Math. 565 (2003), 13-26. 

Merkurjev, A. Steenrod operations in algebraic geometry. Lens lectures, 
2003. 

Merkurjev, A. Algebraic oriented cohomology theories. Algebraic number 
theory and algebraic geometry, 171-193, Contemp. Math., 300, Amer. 
Math. Soc, Providence, RI, 2002. 

Merkurjev, A. Rost degree formula. Lens lectures, 2001. 
Rost, M. Degree formula, 2001. 

http://www.math.uni-bielefeld.de/~rost/degree-formula.html. 



Kirill Zainoullino. Mathematisches Institut der LMU Miinchen 
Theresienstr. 39, D-80333 Miinchen, Germany 



14 



